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We use the paradigmatic example of short-range interacting particles in a harmonic trap to show
that the squared commutator of canonical operators and the related out of-time order correlation
functions (OTOCs) of relevant observables are useful for understanding quantum quenches in non-
chaotic models. In particular, we find that for finite interactions the long-time average of the
squared commutator is directly proportional to the variance of the work probability distribution,
which establishes a connection between the scrambling properties of a quench and the induced work
fluctuations.
The response to a sudden change in the Hamiltonian
has been a topic that has led to many valuable insights
into the physics of quantum many-particle systems in
recent years. Quenches have been used to probe phase
transitions [1–7], explore the orthogonality catastrophe
[8–13] and investigate irreversibility and thermodynamic
properties [14, 15]. Studying the dynamical response of a
system to a sudden quench usually entails calculating the
time-evolution of expectation values of observables such
as the momentum distribution. However, one can also
characterize a quench more broadly, for example through
operator-independent (aside from the final Hamiltonian
HˆF ) quantities such as the diagonal ensemble [16, 17] and
the closely related experimentally measurable work prob-
ability distribution [14, 18–20]. The statistical moments
of the work distribution, 〈Wn〉 = Tr[(HˆF − HˆI)nρI ],
where HˆI is the initial Hamiltonian and ρI is the ini-
tial state, are often used to give an indication of the irre-
versibility of the quench process [19]. One example of this
is the irreversible work 〈Wirr〉 = 〈W 〉 −∆F which quan-
tifies the disparity between the average work and the free
energy during a non-quasi-static process. Further insight
can be gained through the variance of nonequilibrium
fluctuations about the average, ∆W 2 = 〈W 2〉 − 〈W 〉2,
which is of interest in the field of statistical quantum
thermodynamics [15, 18, 21] and has been suggested as
a probe of critical behaviour [22, 23].
The work probability distribution is related to the de-
localisation of the initial state in the Hilbert space de-
fined by the eigenstates of the final Hamiltonian and it
is natural to characterize this further by investigating
the delocalisation dynamics. This is often referred to as
scrambling [24, 25], whereby over time the initial state
can no longer be reconstructed from local measurements
alone. One particular measure of this scrambling is the
expectation value of the squared commutator of two op-
erators Aˆ and Bˆ, CAB(t) = 〈[Aˆ(t), Bˆ]2〉 [24], which can
be rewritten in terms of different correlation functions as
CAB(t) = DAB(t) + IAB(t)− 2 Re[FAB(t)], with
DAB(t) = 〈Bˆ†Aˆ†(t)Aˆ(t)Bˆ〉 , (1)
IAB(t) = 〈Aˆ†(t)Bˆ†BˆAˆ(t)〉 , (2)
FAB(t) = 〈Aˆ†(t)Bˆ†Aˆ(t)Bˆ〉 . (3)
Most work in recent years has focused on the 4-
point out-of-time ordered correlation function (4-OTOC)
FAB(t) as DAB(t) is time-ordered and IAB(t) =
〈Aˆ†Bˆ†(−t)Bˆ(−t)Aˆ〉 is anti-time-ordered for an eigenstate
of the Hamiltonian. The squared commutator and the
4-OTOC were initially proposed as measures of quan-
tum chaos [26] but have recently been shown to also
be powerful tools for studying information scrambling in
non-chaotic systems, for example near quantum critical
points [27–29], in the presence of many-body entangle-
ment and coherence [30, 31], and in quantum thermody-
namics [32, 33]. In fact, for initial states that are not
eigenstates, e.g. states after a quench, IAB(t) is also not
time-ordered and called a 3-point OTOC (3-OTOC) [34].
IAB(t) is readily interpretable as a time-reversal test,
i.e. it corresponds to taking the expectation value of Bˆ†Bˆ
with the quantum-state eiHˆtAˆe−iHˆt|ψ〉. This then mea-
sures how much the time-reversal symmetry is broken by
the application of the operator Aˆ.
Finding a connection between information scrambling
and other measures of irreversibility is important for con-
necting the abstract notion of Hilbert space scrambling
with physical measureables. While progress towards such
an understanding has recently been made in chaotic sys-
tems [32, 34–36], the main result of this work is to con-
nect the scrambling and work statistics for quenches in a
non-chaotic system. Specifically we show that the time-
average of the squared commutator and the irreversibility
measure IAB(t) are directly proportional to the variance
of the work probability distribution ∆W 2 for the canon-
ical operators in a paradigmatic model of an interacting
few-body system. Time-averaged behaviour has recently
attracted more attention and has been connected to the
Loschmidt echo of time-reversal protocols [36] and the
description of quantum phases [27, 29].
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2Sudden quenches are generally characterized by the
eigenspace of the final Hamiltonian HˆF |ψj〉 = Ej |ψj〉
and the overlap coefficients cj = 〈ψj |ψI〉, where |ψI〉 is
the initial state. This allows one to write the contribu-
tions to the squared commutator as
DAB(t) =
∑
j,k,n,m
c∗jcke
−i(Emn)tB†jn〈Aˆ†Aˆ〉nmBmk, (4)
IAB(t) =
∑
j,k,n,m
c∗jcke
−i(Ekj+Enm)tA†jn〈Bˆ†Bˆ〉nmAmk,(5)
FAB(t) =
∑
j,k,n,m
c∗j bke
−i(Ekj+Enm)tA†jnB
†
nmAmk, (6)
where bj = 〈ψj |Bˆ|ψI〉, Amk = 〈ψj |Aˆ|ψk〉, 〈Aˆ†Aˆ〉nm =
〈ψn|Aˆ†Aˆ|ψm〉, and the other operator matrix elements
are defined similarly. The energy differences are given by
Emn = Em − En.
For simplicity we consider a non-degenerate system
[condition (i)], which is the case in many situations of
interest. From Eqs. (4-6) one can see that contributions
to the long-time average of the squared commutator are
only obtained when the complex exponential equals 1,
which means that DAB(t) has contributions whenever
Em = En. Similarly the contributions to IAB and FAB
can be split into 3 cases: the energy-differences can be
pairwise zero in the case where Ek = Ej and Em = En
or the sum can be zero when Ek = Em and En = Ej .
Finally, it is also possible that Ek−Ej+En−Em = 0 for
j 6= k 6= n 6= m. The resulting time-averages can then be
written as
D¯AB =
∑
j,k,n
c∗jckB
†
jn〈Aˆ†Aˆ〉nnBnk, (7)
I¯AB =
∑
j,n
|cj |2A†jn〈Bˆ†Bˆ〉nnAnj
+
∑
j 6=k
c∗jckA
†
jj〈Bˆ†Bˆ〉jkAkk
+
∑
j 6=k 6=n6=m
c∗jckA
†
jn〈Bˆ†Bˆ〉nmAmk, (8)
F¯AB =
∑
j,n
c∗j bjA
†
jnB
†
nnAnj
+
∑
j 6=k
c∗j bkA
†
jjB
†
jkAkk
+
∑
j 6=k 6=n6=m
c∗j bkA
†
jnB
†
nmAmk. (9)
To explore the scrambling dynamics and work statis-
tics of an experimentally realizable system we consider
a system of N interacting bosons confined to a one-
dimensional harmonic trap with frequency ω
Hˆ =
N∑
j=1
[
−1
2
∂2
∂x2j
+
1
2
γ2x2j
]
+
∑
k>j
g δ(xk − xj) . (10)
The Hamiltonian is rescaled in natural harmonic units
with the length scale given by aω =
√
h¯
mω and the en-
ergy scale by h¯ω. The strength of the short range inter-
actions are parameterized by g which here has units of√
h¯2ω
m and the trap frequency can be changed using the
nondimensional parameter γ. While finding solutions to
this model becomes computationally intractable for large
systems, few-body systems are readily solvable while re-
taining the physics stemming from the finite contact in-
teractions [37]. In fact, for the minimal interacting sys-
tem of N = 2 particles exact solutions can be found [38].
We therefore focus on the two particle problem due to its
ubiquity in few-body physics and for the insights it offers
into the quench dynamics of larger systems.
The two particle Hamiltonian is separable into center-
of-mass (X = x2 + x1) and relative (x = x2 − x1) co-
ordinates, whereby the center-of-mass Hamiltonian cor-
responds to a free particle in the harmonic oscillator for
which the scrambling properties are generally trivial [39].
The relative Hamiltonian is modified by the interaction
term and is given by
Hˆrel = −1
2
∂2
∂x2
+
1
2
γ2x2 + g δ(x) . (11)
The problem is then analytically solvable with eigenen-
ergies for the even parity eigenstates given by the tran-
scendental equation [38]
Γ(−E
g
2j
2 +
3
4 )
Γ(−E
g
2j
2 +
1
4 )
= −g
2
, (12)
while the odd parity eigenstates are not affected by the
interaction and are given by the pure harmonic oscillator
ones. The energy of the 2jth state can also be expressed
as
Eg2j = (2j + ∆j)γ, (13)
where j = 0, 1, 2... and ∆j can be found from Eq. (12)
and always has a value ∆j ∈ [0, 1]. For g = 0 we find
∆j = 0, while ∆j = 1 for g =∞ independent of j, which
means that in the limiting cases of zero and infinite inter-
actions a harmonic spectrum is recovered. Crucially, for
any finite value of g one finds ∆j 6= ∆k for j 6= k, which
means that any finite interaction breaks the harmonicity
of the energy spectrum for the even parity eigenstates.
For quenches from the (even parity) ground state the
only contribution to the dynamics comes from the even
parity eigenstates, while the odd parity eigenstates are
3completely decoupled. For the relevant eigenstates in the
time-averages this means that Ek − Ej + En − Em 6= 0
for j 6= k 6= n 6= m [condition (ii)], which simplifies the
calculation considerably.
A convenient representation of the even parity wave-
functions in the presence of interactions is given by [40]
ψg2j(x) = A
g
2j
∑
0≤n≤∞
ψ∗2n(0)
E2n − Eg2j
ψ2n(x), (14)
where E2n is the energy of the 2n
th non-interacting eigen-
state ψ2n. The normalization factor is given by
Ag2j =
√√√√ 4Γ( 34 − Eg2j)
Γ(−j)[Γ˜( 34 − Eg2j)− Γ˜( 14 − Eg2j)]
, (15)
where Γ and Γ˜ are the gamma and di-gamma functions
respectively. The canonical operators with respect to
these eigenfunctions obey Bkk = Akk = 0 [condition
(iii)], as each eigenfunction is given as a sum of even
parity non-interacting eigenfunctions via Eq. (14) which
individually fulfill condition (iii).
The time-averages for the interacting relative-
coordinate Hamiltonian in the harmonic trap (and for
any other system which fulfills conditions (i)-(iii)) there-
fore reduce to F¯AB = 0 and C¯AB = D¯AB + I¯AB , with
D¯AB =
∑
j,k
cjckK
BA
jk , I¯AB =
∑
j
|cj |2KABjj , (16)
where KABjk =
∑
nA
†
jn〈Bˆ†Bˆ〉nnAnk. I¯AB is given as the
diagonal ensemble expectation value of an emergent op-
erator and is therefore directly related to the work statis-
tics of the quench with no dependence on the phase of the
overlap coefficients. D¯AB is given as a sum over all the
off-diagonal values of a similar emergent operator which
means that the phase of the overlap coefficients matter
and negative and positive contributions can interfere de-
structively. Any final Hamiltonian that is spatially sym-
metric with respect to the relevant canonical operators
will obey these conditions, one example being the Jacobi
coordinates for N interacting particles in a harmonic trap
[37, 41–45], which allows us to extend our treatment to
larger systems. The explicit form of the matrix-elements
KABjk as well as the full time-dependent expression for
the four-point correlation functions for the interacting
harmonic oscillator are given in the supplemental mate-
rial.
To explore nonequilibrium scrambling in this system
we consider a sudden change of the trapping frequency
ωI → ωF while keeping the interaction fixed. This al-
lows us to clearly identify the effects of finite interac-
tions on the information scrambling and work statistics
after the quench. By scaling all relevant quantities in
units of the final Hamiltonian the results only depend
on the frequency ratio γ = ωI/ωF which also quantifies
the strength of the quench. Therefore Eq. (11) describes
the Hamiltonian of the initial state while setting γ = 1
describes the quenched Hamiltonian. In the following we
will focus on the squared commutator [x(t), x]2, as other
combinations of canonical operators give similar results
(see the supplemental material).
In Figs. 1(a) and (b) we show the time-averages of the
correlation functions (full lines) and the variance of the
work probability distribution ∆W 2 =
∑
j |c2j |2(Eg2j)2 −(∑
j |c2j |2Eg2j
)2
(yellow dotted line) as a function of
the interaction strength for γ = 4 and γ = 14 , respec-
tively. One can immediately note that ∆W 2 has a sim-
ilar functional form to I¯xx and in Fig. 1(c) we show
that these two quantities are linearly related through
I¯xx = bI(g)∆W
2, allowing us to extract the fitting pa-
rameter for each value of the interaction g (see panel
(d)). In the supplemental material we show that this
linear relation is due to the form of the diagonal matrix
elements being Kxxjj = constant · j2 and realising that
(Eg2j)
2 ∝ j2. The values for I¯xx(t) are almost identical
for opening or squeezing of the trap, making its behavior
fully equivalent to ∆W 2 which measures the the amount
of non-equilibrium excitations. The 3-OTOC, which cor-
responds to a time-reversal test, is therefore a good quan-
tifier of irreversibility.
In contrast to I¯AB one can show that D¯AB is operator
dependent, which leads to a markedly different behaviour
of the time-ordered contribution D¯xx for squeezing or
opening of the trap. In particular one can see that D¯xx
remains small whenever γ > 1 and therefore does not
contribute much to C¯xx, whereas for γ < 1 we find that
D¯xx = bD∆W
2 (see Fig. 1(c)). The full squared commu-
tator C¯xx = D¯xx + I¯xx is therefore also proportional to
∆W 2 for both squeezing and opening of the trap, show-
ing that the scrambling in this system is closely related
to the irreversible non-equilibrium excitations created by
the quench.
The proportionalities uncovered above mean that in-
formation about the scrambling in the system is therefore
also contained in ∆W 2. The dependence of ∆W 2 on γ
can be calculated analytically in the non-interacting and
the infintely strongly interacting limit (utilizing the ana-
lytic expressions for the overlap coefficients cj = 〈ψj |ψI〉
[46]) as ∆W 2 = λ(g)
(
γ − 1γ
)2
, with λ(0) = 18 and
λ(∞) = 38 . For finite values of g one can show that ∆W 2
is related to γ in the same functional form by fitting the
parameter λ(g) numerically and obtaining excellent ac-
curacy. Both the work fluctuations and the scrambling
therefore grow with the strength of the quench with the
functional dependence
(
γ − 1γ
)2
.
It is important to note that at the points of the har-
monic limits at g = 0 and g =∞ the system violates con-
4FIG. 1: (a-b) The full lines show D¯xx (red), I¯xx (blue), F¯xx (green), C¯xx (black) as a function of g for (a) γ =
1
4
and (b) γ = 4.
The circles show the time-averages of the same quantities in an interval t ∈ [0, 200pi]. The variance of the work distribution
function ∆W 2 is given by the dotted yellow line. The triangles correspond to the g = 0 and g = ∞ values of C¯xx (black) and
I¯xx = D¯xx (red). Insets: zoom of correlation functions in main panel at weak interactions. (c) I¯xx as a function of ∆W
2 at
fixed interaction g = 10, with each data point representing a quench of the trap frequency for γ > 1 (red squares) and γ < 1
(blue triangles). The blue and red markers are essentially on top of each other. Similarly, yellow circles correspond to D¯xx
for γ < 1 while green circles are γ > 1. (d) bI for γ > 1 (red) and γ < 1 (blue) as a function of g. All fits are accurate with
R2 > 0.99. (e) Ixx(t) as a function of time for g = 1000 (blue) and g =∞ (orange) with γ = 4.
dition (ii) and the expressions for F¯AB , I¯AB and therefore
C¯AB (see Eq. 16) are no longer valid. In fact, I¯AB and
F¯AB have off-diagonal contributions and the long-time
average of the squared commutator is thus likely to be
small as destructive interference from off-diagonal terms
reduces its value. We will therefore in the following inves-
tigate these limits and explore how they are approached
in a system with finite interactions.
In the harmonic limits closed formulas for the correla-
tion functions can be found by utilizing the Heisenberg
equations for the canonical operators, so for g = 0 we
find
I¯xx = D¯xx =
3
8γ
(
γ +
1
γ
)
(17)
F¯xx =
3
8γ
(
γ +
1
γ
)
− 1
4
(18)
while g =∞ leads to
I¯xx = D¯xx =
1
8γ
(
7γ +
15
γ
)
(19)
F¯xx =
1
8γ
(
7γ +
15
γ
)
− 1
4
. (20)
Even though I¯xx, D¯xx and F¯xx all individually depend
on γ the full squared commutator reduces to C¯xx =
1
2
for both squeezing and expanding the trap, and is there-
fore independent of the quench strength γ implying that
scrambling does not take place. This is in stark con-
trast to the variance of the work distribution, which as
reported above, scales strongly with γ and has a smooth
crossover from finite interactions to the harmonic lim-
its. Also, this may seem counter-intuitive and indeed
in contradiction with the results for the system with fi-
nite interactions, in which the scrambling and the vari-
ance were equivalent. The squared commutator, how-
ever, only reflects the simple breathing dynamics induced
by the quench, which due to the equidistance of the en-
ergy spectrum results in perfect periodic revivals of the
initial state and therefore no scrambling of the state on
average. Scrambling, in these limits is therefore not solely
a reflection of the non-equilibrium excitations and we
need to bridge the gap between them and finite g. In
particular we must ask what happens as these limits are
approached.
In Fig. 1(a) and (b) these limiting values are repre-
sented by the triangles. Each correlation function (except
F¯xx which vanishes) grows with increasing interactions.
When approaching the TG limit (g → ∞) the known
limiting values for infinite interactions, C¯xx = 1/2 (black
triangles in the figures), are not reached. In fact, only the
time ordered function D¯xx reaches the asymptotic values,
while the out-of-time ordered functions I¯xx(t) and F¯xx(t)
do not. A similar observation can be made for g → 0.
The difference between the asymptotic value of the
OTOCs and their value in the harmonic limit shows that
the scrambling (through the OTOCs) is very sensitive
to small deviations from harmonicity on infinitely long
timescales. In Fig. 1(a) and (b) we also plot the time-
average taken in a range t ∈ [0, 200pi] for comparison.
For intermediate values of g ∈ [0.1, 70] these are indistin-
guishable from the infinite-time average, but as the ex-
tremal interaction limits are approached this finite-time
average goes towards the harmonic cases. This reflects
the fact that on short timescales the correlation func-
5tions are initially similar to the g = {0,∞} cases, but
on long time-scales the behaviour becomes qualitatively
different owing to the infinitesimal anharmonicity of the
spectrum (see Fig. 1(e)). The discontinuity between the
average scrambling in the finite strongly interacting sys-
tem (g →∞) and the infinite limit (g =∞) is therefore
only observable in the long-time limit as the timescale
required to actually observe the average scrambling di-
verges (similar for the g = 0 case).
In summary, we have shown that for harmonically
trapped interacting atoms, which are a fundamental
building block in many cold atom experiments, the time-
average of the irreversibility measure IAB(t) and the full
operator scrambling CAB(t) for canonical operators are
proportional to the work fluctuations. In this way we
have shown that operator scrambling in Hilbert space is
intimately linked to the work probability distribution,
which is an experimentally accessible thermodynamic
measure of the non-equilibrium excitations induced by
the quench. However, the times-scales required to ob-
serve scrambling diverges as the non-interacting and TG-
limits are approached, highlighting the importance of in-
termediate interactions to be able to achieve meaningful
scrambling time-scales and that these are strongly inter-
action dependent. While our results are of relevance for
modern few-body cold atom experiments [47], these in-
sights should also hold in larger systems where the struc-
ture of the relative Jacobi-coordinates ensure that the
relevant asymptotic criteria are still obeyed.
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Supplemental Material
Time-dependent correlation functions in the
harmonic trap
We utilize the same scaled units in this secttion as in
the main text. This means that all times are given in
terms of the frequency and all length scales are given
in terms of the natural length of the final Hamiltoinan.
For a non-interacting particle in a harmonic trap the full
Heisenberg equations of motion for position and momen-
tum operators are given by
xˆ(t) = xˆ(0) cos(t) + hatp(0) sin(t) (21)
pˆ(t) = pˆ(0) cos(t)− xˆ(0) sin(t). (22)
They can be utilized to calculate the time-dependent
correlation functions by simple multiplication and tak-
ing the expectation-value of the time-independent cor-
relation functions with respect to the initial state. The
squared commutator for an eigenstate of this system has
been calculated in earlier works, such as [39]. Here we
consider the trap quench. First we note that IAB(t) =
DAB(t) and then find
IAA(t)
|βA|4| =
3
4
[GA cos
2(t) + sin2(t)],
Re
[
FAA(t)
|βA|4|
]
=
3
4
[GA cos
2(t) + sin2(t)]
− 1
2
sin2(ωF t),
IAB(t)
|βA|2|βB |2 =
3
4
[cos2(t) +GA sin
2(t)],
Re
[
FAB(t)
|βA|2|βB |2
]
=
3
4
[cos2(t) +GA sin
2(t)]
− 1
2
cos2(t),
with the squared commutator given by
[Aˆ(t), Aˆ]2
|βA|4 = sin
2(t),
[Aˆ(t), Bˆ]2
|βA|2|βB |2 = cos
2(t).
Here Gx =
1
γ2 and Gp = γ
2, leading to an operator-
dependent difference between squeezing and opening the
trap. Similar formulas can easily be found for the first
excited state.
The position and momentum act in the following way
on the eigenstates |ψn〉 of the non-interacting harmonic
osscillator:
Oˆ|ψn〉 = βO√
2
[
√
n+ 1|ψn+1〉+ β˜O
√
n|ψn−1〉] (23)
with βO = 1, β˜O = 1 for the position operator and
βO = i, β˜O = −1 for the momentum operator. The cor-
relation functions for a quench in the interacting system,
assuming a quench from an even parity initial state |ψI〉
and real coefficients c2j = 〈ψg2j |ψI〉 can then be found,
utilizing Eq.(14) as
DAB(t) =
∑
j,k
c2jc2kK
BA
jk + cos(2t)
∑
j,k
c2jc2kJ
BA
jk , (24)
IAB(t) =
∑
j
|c2j |2[KABjj + JABjj cos(2t)]
+
∑
j 6=k
c2jc2k(K
AB
jk cos[(E
g
2j − Eg2k)t]
+ JABjk cos[(E
g
2j − Eg2k + 2)t]), (25)
FAB(t) =
∑
j,k,n,m,l
c2jc2ke
−i(Eg2n−Eg2k+2l−2m)t
× αBm,nαAm,kαAl,nαBl,j . (26)
Here
KABjk =
∞∑
m=0
|βA|2|βB |2β˜B
2
αAm,jα
A
m,k(4m+ 3), (27)
JABjk =
∞∑
n=1
|βA|2|βB |2
√
2n+ 1
√
2nαAn,kα
A
n−1,j , (28)
and
αOm,j = 〈ψ2m+1|Oˆ|ψg2j〉/βO
=
√
2m+ 1ψ2m(0)
A2j√
2
(
1
E2m − Eg2j
− β˜O
E2m+2 − Eg2j
)
.
(29)
In the latter the structure of the position/momentum op-
erator means that only odd parity non-interacting states
remain when applied to the sum of even parity non-
7FIG. 2: Dxx(t) (a), Ixx(t) (b), Fxx(t) (c) and Cxx(t) (d) as a
function of time for g = 10. The blue lines correspond to a
quench with γ = 1
4
, while the red lines correspond to a quench
with γ = 4.
interacting states given by Eq.(14), which is why these
coefficients are only non-zero for |ψ2m+1〉. We note that
the time-ordered correlation function DAB(t) has an ana-
lytically simple time-dependence given by 2ω oscillations,
as also shown in Fig. (2). A more thorough investiga-
tion of the time-dependence of the squared commutator
is not the main focus of this paper, but in Fig. 2 we show
an example of their dynamics for opening and squeezing
the trap. For these finite interactions the harmonicity of
the energy spectrum is broken and therefore the corre-
lation functions can possess complex dynamics. Indeed,
Ixx(t) and Fxx(t) possess irregular oscillations as they
are not time-ordered. It is clear that the time average
of Fxx(t) quickly vanishes, with the long time behaviour
of the squared commutator determined solely by Dxx(t)
and Ixx(t).
Analysis of the matrix elements Kjk
The important coefficients that determine the behavior
of the emergent matrix elements are given by Eq. (29).
Let us first consider what happens for large m, j. To do
this we establish how the quantities in Eq.(29) behave.
The harmonic oscillator wavefunctions evaluated at zero
argument ψ2n(0) are given by
ψ2m(0) =
(−1
2
)m(
1
pi
)1/4 √
2m!
m!
, (30)
which, by utilizing Stirling’s formula, can be evaluated
for large m as
ψ2m(0) ≈ (−1)mm−1/4 ∝ m−1/4. (31)
The behaviour of the digamma functions for solutions
of Eq. (12) is complicated, but numerically we find that
A2j ∝ j−1/4 for large j. The energy of the 2j-th state
can be exprresed as in Eq. (13) in the main text. For
large j, ∆j ∝ j−1/2 (see [38]). Let us first investigate the
convergence of Kjk with respect to m. For Kjk, which
involves the momentum-coefficients αpm,j the terms scale
∝ ψ22m(0) = m−1/2, which means that the sum diverges.
Numerical calculations for a short-range Gaussian inter-
action in the next section show that this divergence dis-
appears in a physically realistic system. The sums can
therefore be regularised by choosing a cut-off value mmax
that is related to the non-universal finite-range parameter
of the specific interaction considered. In order to evaluate
a squared commutator involving a momentum-operator
such a finite-range parameter is therefore required in ad-
dition to the zero-range strength g. For Cxx, however,
the coefficients can be rewritten as
αxm,j =
√
2m+ 1ψ2m(0)A2j
2
(E2m − Eg2j)(E2m+2 − Eg2j)
,
(32)
which means that the terms in Kjk scale ∝ m−2ψ22m(0) =
m−5/2, ensuring convergence.
Let us now consider the dependence of αxm,j on j. Us-
ing Eq. (13) we can rewrite the position coefficients as
αxm,j = aω
√
2m+ 1ψ2m(0)A2j
×
(
1
(2m− 2j + ∆j) −
1
(2m+ 2− 2j + ∆j)
)
.
(33)
For m = j and m = j − 1 the fractions scale ∝ j1/2
in the limit of large j, while the remaining terms don’t
scale with increasing j, which means that they become in-
significant in comparison. As m = j this means that the
coefficients themselves scale as αxj,m ∝ j1/2 in the limit
of large j. In order to evaluate the long-term averages
we need to investigate how this observation is manifested
in the matrix-elements Kjk. These are only large when
j = m, j = m+1 and k = m, k = m+1 is simultaneously
true. This is only the case for k = j, k = j− 1, k = j+ 1.
So for large j we expect that these values will be dom-
inant, as the other matrix-elements are of insignificant
size in comparison. From the preceding discussion and
Eq. (27) they all scale ∝ j2. These observations are all
confirmed by a full numerical evaluation of Kjk, Jjk . In
fact we find that even for relatively small j the matrix
elements are well-described by Kj,j+1 = Kj,j−1 ∝ −j2
and Kj,j ∝ j2. As implied by Fig. 3 a similar j2 scaling
is obtained for Kjk involving momentum operators nu-
merically. In addition to the finding that I¯xx is closely
related to the variance of the work-distribution this anal-
ysis also shows that Kjk can be effectively described by
a tri-diagonal matrix and that D¯xx consequently simpli-
fies a lot. Indeed, for opening the trap we find that the
80 50 100 150 200
0
100
200 (a)
0 100 200 300 400
0
200
400
600 (b)
D¯
A
B
I¯ A
B
I¯xx
D¯xx
FIG. 3: (a) I¯xp (red) I¯px (blue) and I¯pp (black) as a function
of I¯xx along with fits to I¯AB = I¯xx + constant. The crosses
correspond to γ > 1, while the full circles correspond to γ < 1.
(b) same as (a), but for D¯xp (red) D¯px (blue) and D¯pp (black)
as a function of D¯xx. Note that the black and the red are on
top of each other in (b), which is why the red circles cannot
be seen.
coefficients are all positive (numerically and for the an-
alytic [46] non-interacting case) which means that the
off-digaonal negative values are subtracted from the di-
agonal giving an overall small value as observed, while
for squeezing the trap they alternate between positive
and negative values, which adds an overall contribution
that also scales as approximately j2, explaining why these
values are also proportional to ∆W 2 with a larger pro-
portionality constant than for I¯xx.
Correlation functions for other combinations of
canonical operators
In the main text we focused on [xˆ(t), xˆ]2 as no regulari-
sation of the delta-function is required and as it contains
the essential physics of the scrambling. In this section
we will argue this claim in some more detail by inves-
tigating other combinations of canonical operators. In
order do do this we utilize a short-range Gaussian in-
teraction described by Vint(x) = κ
1
σ
√
2pi
e−x
2/σ2 . Simi-
lar results can be obtained choosing an appropriate cut-
off as discussed in the previous section. We consider
κ = 10, σ = 0.04 which has an energy spectrum that cor-
responds fairly well to g = 10 for the delta-interaction.
We calculate the time-dependent correlation functions
numerically employing the Lagrange-mesh method [48]
and find the time-average by considering a time-interval
t ∈ [1000pi, 2000pi] which is large enough to get a repre-
sentative average (see the main text for a further discus-
sion of this). In Fig.3(a) we show I¯AB as a function of I¯xx
for a series of quenches where γ ∈ [1, 20] and γ ∈ [1, 1/20],
respectively. One can see that I¯AB for any combination
of operators only differs from I¯xx by a constant, regard-
less of γ as can be seen from the graph where we show
fits to I¯xx plus a constant. Additionally we see that the
behaviour for γ > 1 and γ < 1 is qualitatively similar,
regardless of the combination of operators. In Fig.3(b)
we plot the same, but for D¯AB . Here we see that they
are dramatically different. D¯px and D¯xx (both of which
probe the time-dependence of xˆ(t)) have a linear relation-
ship. For squeezing the trap this results in linear growth
of D¯px with D¯xx (blue full circles in the plot), while for
γ > 1 they are both given by a small constant resulting
in all points being on top of each other centered at (0,0)
in the figure (blue crosses). D¯pp and D¯xp (corresponding
to probing the time-dependence of pˆ(t)) also have a lin-
ear relationship. As can be seen from the plot, however,
these two sets behave very differently from each other.
For squeezing the trap the full black and red circles cor-
responding to D¯pp and D¯xp remain small and constant
as D¯xx grows with γ. For opening the trap on the other
hand the black and red crosses grow with γ, while D¯xx re-
mains constant. Probing xˆ(t) and pˆ(t) therefore results
in the opposite behaviour with respect to opening and
squeezing the trap for D¯Ax and D¯Ap which makes the
overall scrambling different. I¯AB however, always gives a
similar contribution to the scrambling, regardless of the
combination of canonical operators.
